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In this paper we consider a single-item inventory system with lost sales and fixed order cost. We numerically

illustrate the lack of a clear structure in optimal replenishment policies for such systems. However, policies

with a simple structure are preferred in practical settings. Examples of replenishment policies with a simple

parametric description are the (s, S) policy and the (s, nQ) policy. Besides these known policies in literature,

we propose a new type of replenishment policy. In our modified (s, S) policy we restrict the order size of

the standard (s, S) policy to a maximum. This policy results in near-optimal costs. Furthermore, we derive

heuristic procedures to set the inventory control parameters for this new replenishment policy. In our first

approach we formulate closed-form expressions based on power approximations, whereas in our second

approach we derive an approximation for the steady-state inventory distribution. As a result, the latter

approach could be used for inventory systems with different objectives or service level constraints. The

numerical experiments illustrate that the heuristic procedures result on average in 2.4 percent and 1.8

percent cost increases, respectively, compared to the optimal replenishment policy. Therefore, we conclude

that the heuristic procedures are very effective to set the inventory control parameters.

© 2014 Elsevier B.V. All rights reserved.
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. Introduction

Two types of assumptions are commonly used to model the be-

avior of customers toward inventory stock outs; either a customer

aits until a new order is delivered, or the customer does not buy

he product. They are called backordering and lost sales, respectively.

n contrast to industrial settings, excess demand is often lost in retail

nvironments. Inventory models with a backorder assumption have

eceived by far the greatest attention in inventory literature, possibly

ecause of the simplicity of the optimal policy for such models with

eriodic reviews (Scarf 1960, Chap. 13; Karlin & Scarf, 1958, Chap. 10).

n a periodic review model with fixed order cost, an optimal policy

rescribes to raise the inventory position (inventory on hand plus in-

entory on order minus backorders) to an order-up-to level S when

t falls down to or below a reorder level s at a review instant. This re-

lenishment policy is abbreviated as the (s, S) policy. However, there

s much less understanding of (near) optimal replenishment policies

or inventory systems where excess demand is lost.
∗ Corresponding author. Tel.: +1 403 220 8453.

E-mail addresses: marco.bijvank@haskayne.ucalgary.ca (M. Bijvank),
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The lost-sales inventory systems with no fixed order cost have

riginally been formulated by Karlin and Scarf (1958) and Morton

1969). More recently, this has been reformulated with a new state

efinition by Zipkin (2008b), who uses it to prove that the minimal

ost function is L�-convex. This result implies that the optimal order

uantities are monotone decreasing in the inventory position and the

ptimal order quantities are more sensitive to recent orders. Alter-

ative replenishment policies are proposed by, e.g., Morton (1971),

evi, Janakiraman, and Nagarajan (2008), Huh, Janakiraman, Muck-

tadt, and Rusmevichientong (2009), Bijvank and Johansen (2012).

ipkin (2008a) has performed a numerical comparison of several

f these policies. He concludes that myopic policies perform bet-

er than order-up-to policies in general. However, Huh et al. (2009)

how that order-up-to policies are asymptotically optimal when the

enalty cost for a lost-sales occurrence becomes high. Such policies

re also popular in practice since they are fairly simple to implement,

hereas myopic policies are less insightful and they require extra

omputational effort at each review instant. Furthermore, Johansen

nd Thorstenson (2008) introduce restricted order-up-to policies, in

hich they impose an upper limit on the order size. This policy results

n near-optimal order quantities and it is easy to implement in prac-

ice. The goal of this paper is to extend these policies to include fixed

rder costs resulting in a new type of replenishment policy. We also

http://dx.doi.org/10.1016/j.ejor.2014.09.018
http://www.ScienceDirect.com
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discuss how the parameters in the new replenishment policy should

be set.

In a lost-sales inventory system, if a fixed order cost is incurred

with each order and the lead time is zero, then the (s, S) policy

is proven to be optimal since the dynamics of a backorder system

and a lost-sales system are essentially the same (see, e.g., Veinott &

Wagner, 1965; Veinott, 1966; Shreve, 1976; Bensoussan, Crouhy, &

Proth, 1983; Cheng & Sethi, 1999). More recently, Xu, Bisi, and Dada

(2010) derive new bounds on the best reorder level and order-up-

to level, whereas Li and Yu (2012) provide insights on the optimal

policies when there are extra constraints imposed on the problem

by showing that the objective function is quasiconcave. In case of

positive lead times, there is no simple optimal replenishment policy.

Nahmias (1979) is one of the first authors to study such an inventory

system with positive lead times. Hill and Johansen (2006) show by

means of a numerical example that the optimal policy is neither an

(s, S) policy nor an (s, Q) policy. In the latter policy a fixed number of

Q units are ordered when the inventory position reaches (or drops

below) reorder level s at a review instant. This policy is also investi-

gated by Johansen and Hill (2000) under the assumption that at most

one order can be outstanding at any time. Fractional lead times are

considered by Kapalka, Katircioglu, and Puterman (1999) and Chiang

(2007), where the lead time is assumed to be shorter than the review

period. When there is no assumption on the number of outstanding

orders or on the lead time, we are the first authors to our knowl-

edge to provide numerical results on the performance of (s, S) and

(s, nQ) policies in comparison to the optimal replenishment policy

for inventory systems with lost sales. As our analysis will show, such

parametric policies perform reasonably well compared to the optimal

policy (which has no clear structure).

Another contribution to the literature is the proposal of a new and

more general type of replenishment policy, which we obtain by im-

posing an upper bound on the order size in the (s, S)policy. Therefore,

we call it the modified (s, S) policy. Since (s, S) policies are already

very common in many practical settings (Caplin & Leahy, 2010), this

new policy can easily be applied. We numerically show that this policy

significantly outperforms the parametric policies known in literature.

In our final contribution to the literature we propose different

heuristic procedures to set the inventory control parameters for the

new modified (s, S) policy. We pursue two different approaches that

are known in literature to determine inventory control parameters.

In the first approach, we use power approximations to formulate

closed-form expressions to set the parameter values for an (s, S) pol-

icy. Ehrhardt (1979) and Ehrhardt and Mosier (1984) have developed a

similar approach when excess demand is backordered instead of lost.

In the second approach, we derive expressions to approximate the en-

tire steady-state distribution of the inventory levels to compute the

performance measures of interest, such as the long-run expected total

costs and service level. Subsequently, these approximate expressions

are used to find the best inventory control parameter values. This ex-

tends the approach taken by Bijvank and Johansen (2012), where no

fixed order costs are involved. The advantage of this latter approach

is that it can be used for inventory systems with a different objective

function or with service level constraints.

In summary, it is well known that simple replenishment poli-

cies with a parametric structure (such as (s, S) and (s, Q) policies) are

not optimal to control inventory levels when excess demand is lost.

However, such policies are commonly used (Caplin & Leahy, 2010).

Our contributions are the following: (i) to provide an analysis which

illustrates that parametric replenishment policies perform close to

optimal for lost-sales inventory systems, (ii) to propose a new (para-

metric) replenishment policy that performs near optimal under the

lost-sales assumption, and (iii) to develop heuristic procedures to set

the parameter values of this new policy. In particular, we provide a

numerical study when (not) to use certain policies or heuristic pro-

cedures.
 u
The organization of this paper is as follows. In Section 2 we in-

roduce all notation and assumptions to model the inventory system.

n Section 3 we present an analytical framework to study optimal

nd parametric replenishment policies. The computational effort to

nalyze the performance of lost-sales inventory systems can be quite

xcessive, especially when the lead time is relatively long. Therefore,

e propose heuristic procedures in Section 4 to determine the in-

entory control parameters for the modified (s, S) policy. In Section 5

e compute and compare the performance of all replenishment poli-

ies and the heuristic procedures. Section 6 contains our concluding

emarks.

. Notation and assumptions

In this section, we provide our notation and assumptions. The time

etween two reviews is called a review period. Its length is denoted

y R. At each review instant the inventory status is checked to decide

hether a new order should be placed. A new order arrives after a

onstant lead time L. Consequently, L = lR where l is the number of

eview periods between order placement and order delivery. For ease

f notation we assume l to be an integer value (i.e., the lead time is

n integral multiple of the review period length). This assumption is

elaxed in Appendix B.

For our exposition, we assume demand to be discrete as well

s independent and identically distributed over time. The demand

uring a time period of length τ is a stochastic random variable Dτ

ith probability mass function gτ (·), mean E[Dτ ] = μτ and variance

ar[Dτ ] = σ 2
τ . We also define

0
τ (i) = Pr(Dτ < i) =

i−1∑
d=0

gτ (d),

1
τ (i) = E[(i − Dτ )

+] =
i∑

d=1

G0
τ (d),

ith (A)+ = max{A, 0}.

We denote the set of non-negative integers by N0, and the set of

ll integers between m and n by Nm,n = {i ∈ N0 |m ≤ i ≤ n } = {m, m +
, . . . , n}. Furthermore, N

l
m,n is defined as the l-fold Cartesian product

f Nm,n.

In our Markov chain description of the inventory system, the state

t a review instant after order delivery but before ordering is denoted

y (i, y), where i is the inventory on hand and y is a vector with com-

onents yk, k ∈ N1,l−1. Component yk is the quantity ordered l − k

eview periods before, which is to be delivered after k review periods.

e let F(y) denote the vector obtained from y by removing its first

omponent. The state of the Markov chain at the next review instant is

enoted by ( j, z), where j is the updated on-hand inventory level and

= (F(y), yl). The component yl represents the quantity ordered at the

urrent review moment. The replenishment policy prescribes how yl

epends on (i, y1, . . . , yl−1). We denote the actual demand during a

eview period by d. Hence, j = (i − d)+ + y1. Consequently, the state

pace is an l-dimensional vector where the first component speci-

es the on-hand inventory level and the remaining l − 1 components

epresent the orders outstanding.

To complete the Markov chain description, we have to specify the

ne-step transition probabilities between the different states of the

nventory system. The transition probabilities from state (i, y) to state

j, F(y), yl) are denoted by P(i,y),( j,F(y),yl)
. The choice of yl depends on

he replenishment policy, which we discuss further in Section 3.

To compute the expected total costs over a review period, we

xpress the expected holding and penalty costs incurred over the

eview period by c(i)when the on-hand inventory level equals i units

t the beginning of this period. Let h denote the unit holding cost per

nit time and p the unit penalty cost for each lost demand. We assume
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Table 1

The optimal order quantities y′
l

when the on-hand inventory level equals i and the

outstanding order has size y1 at a review instant when R = 1, L = 2, h = 1, p = 14, K = 5

and demand has a Poisson distribution with mean 5. The highlighted order quantities

coincide with the best (s, S) policy (light gray) and the best (s, nQ) policy (dark gray).

i

∖
y1 0 1 2 3 4 5 6 7 8 9 10 11

0 8 8 8 8 13 13 12 12 11 10 9 8

1 8 8 8 8 13 13 12 12 11 10 9 8

2 8 8 8 8 13 13 12 12 11 10 9 8

3 8 8 8 8 13 13 12 12 11 10 9 8

4 8 8 8 13 13 12 12 11 11 10 9 0

5 8 8 8 13 13 12 12 11 10 10 9 0

6 8 8 13 13 12 12 12 11 10 9 8 0

7 8 13 13 12 12 12 11 6 6 6 0 0

8 13 13 13 12 12 11 7 6 6 0 0 0

9 13 13 12 12 7 7 7 7 6 0 0 0

10 13 12 12 7 7 7 7 6 0 0 0 0

11 12 12 7 7 7 7 6 0 0 0 0 0

12 12 7 7 7 7 6 0 0 0 0 0 0

12 7 7 7 7 6 0 0 0 0 0 0 0

14 7 7 7 6 0 0 0 0 0 0 0 0

15 7 7 6 0 0 0 0 0 0 0 0 0

16 7 6 0 0 0 0 0 0 0 0 0 0

17 6 0 0 0 0 0 0 0 0 0 0 0

l

o
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inear and proportional holding and penalty costs. Consequently,

(i) = hE[(i − DR)
+] + pE[(DR − i)+], (1)

here E[(DR − i)+] = E [DR] − i + E[(i − DR)
+] = μR − i + G1

R(i). Thus,

(i) = p(μR − i)+ (p + h)G1
R . Other cost structures are considered in

ppendix B .

The performance measure of interest for this inventory system is

he long-run expected total costs, which can be computed by value

teration (Puterman, 2005). Let Vn(i, y)denote the expected total costs

ncurred over n review periods when the system starts in state (i, y)
nd the system incurs no costs at and after the nth review period.

onsequently, V0(i, y) = 0 and, recursively for n ≥ 1, we define

n(i, y) = c(i)+
∑
j,yl

P(i,y),( j,F(y),yl){Kδ(yl)+ Vn−1( j, F(y), yl)}, (2)

here K denotes the fixed order cost, and the indicator function δ(yl)
s one when yl > 0 and zero when yl = 0. We are interested in the

ong-run performance. The value-iteration algorithm with accuracy

umber ε repeats to increase n by one and compute the value func-

ions in Eq. (2) until Mn − mn < ε, where

mn = min
(i,y)

{Vn(i, y)− Vn−1(i, y)},
n = max

(i,y)
{Vn(i, y)− Vn−1(i, y)}.

hen this value-iteration algorithm is stopped after the nth iteration,

hen (mn + Mn)/2 cannot deviate more than 100ε percent from the

ong-run average costs per review period. The numerical results re-

orted in Section 5 are computed with ε = 1E−4. In the next section

e specify the model for different replenishment policies.

. Optimal and parametric policies

As mentioned in the previous section, the actual performance of

he inventory system depends on the replenishment policy. In this

ection, we formulate the optimal policy as well as alternative re-

lenishment policies that have a parametric structure such that they

re easy to implement in practice. Only minor modifications are nec-

ssary to model these alternative policies compared to the optimal

olicy. For each policy, we describe the order quantities and recursive

xpression to perform the value-iteration algorithm as presented at

he end of Section 2. More details on the state space and the tran-

ition probabilities for the Markov decision model are described in

ppendix A.

.1. Optimal policy

To find the optimal replenishment policy and the associated ex-

ected total costs, we model the system as a Markov chain with an

nfinite state space. More specifically, the state space at a review in-

tant equals S = {(i, y) ∈ N
l
0}. The one-step transition probabilities

etween the states at subsequent reviews depend on the entire state

escription. Therefore, we use the following backward recursion for-

ulation to solve this Markov decision problem

n(i, y) = c(i)+ min
yl≥0

{
Kδ(yl)+

i−1∑
d=0

gR(d)Vn−1

(
i − d + y1, F(y), yl

)

+
(

1 − G0
R(i)

)
Vn−1(y1, F(y), yl)

}
, for n ≥ 1 (3)

nd V0(i, y) = 0.

To illustrate the structure of an optimal policy, we consider the

ollowing example in which R = 1, L = 2, h = 1, p = 14 and K = 5.

ote that l = 2 in this example. Consequently, at most one order is

utstanding at a review instant and y = {y1}. The customer’s demand

s assumed to follow a Poisson process with mean μR = 5. Table 1

resents the optimal order quantities y′
l
when the on-hand inventory
evel equals i units at a review instant (first column) and the inventory

n order is y1 (first row). The corresponding expected total costs

re 11.46. This example illustrates two interesting aspects. First, the

ptimal policy prescribes never to order when the inventory position

quals 18 units or more (this corresponds to a reorder level of 17

nits). Second, the optimal order quantities are not always decreasing

n the inventory position. This is in contrast to lost-sales inventory

ystems with continuous reviews, where the rate of decrease is always

ess than or equal to one unit (Johansen & Thorstenson, 1993).

.2. The (s, S) policy

We now consider the (s, S) policy since such a policy is optimal

hen excess demand is backordered instead of lost. In this policy, the

rder size is such that the inventory position is raised to level S when

t is at or below reorder level s. Hence,

l =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, if i +
l−1∑
k=1

yk > s,

S − i −
l−1∑
k=1

yk, otherwise.

(4)

he backward recursion of Eq. (2) equals

n(i, y) = c(i)+ Kδ(yl)+
i−1∑
d=0

gR(d)Vn−1(i − d + y1, F(y), yl)

+
(

1 − G0
R(i)

)
Vn−1(y1, F(y), yl), for n ≥ 1. (5)

he values of reorder level s and order-up-to level S have to be found

uch that the expected total costs are minimized. Let us denote these

alues by s and S, respectively. In the example of Table 1, this corre-

ponds to s = 17 and S = 23 (the order quantities in light gray) with

xpected total costs equal to 11.62 (1.35 percent cost increase com-

ared to the optimal policy).

.3. The (s, nQ) policy

Next, we consider the (s, nQ) policy with fixed batch sizes. In this

olicy, the minimal integer multiple of Q is ordered such that the

nventory position exceeds s after ordering. Hence,

l = max

⎧⎨
⎩Q ×

⎡
⎢⎢⎢
⎛
⎝s + 1 −

⎛
⎝i +

l−1∑
k=1

yk

⎞
⎠
⎞
⎠

+/
Q

⎤
⎥⎥⎥ , 0

⎫⎬
⎭ , (6)
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where �x� denotes the smallest integer larger than or equal to x ∈ R.

Note that if Q > s, then the order size is either zero or equal to Q

units. Eq. (5) can be used for the value function, where yl is given by

Eq. (6). For the (s, nQ) replenishment policy, the values of s and Q that

minimize the expected total costs are denoted by ŝ and Q̂ , respectively.

In the example of Table 1, this corresponds to ŝ = 17 and Q̂ = 7 (the

order quantities in dark gray) with expected total costs equal to 11.56

(0.80 percent cost increase compared to the optimal policy).

3.4. The modified (s, S) policy

When we consider the optimal replenishment policy in Table 1, it

is clear that the policy is neither an (s, S) policy nor an (s, nQ) policy.

However, some states in the optimal policy comply with either one

of the two policies. Therefore, we propose a modified (s, S) policy

with reorder level s, order-up-to level S and upper limit q on the

order quantity. For instance, the order quantities that are light gray in

the lower half of Table 1 and the order quantities that are dark gray

correspond to the best modified (s, S) policy where the reorder level

is 17, the order-up-to level equals 23 and the maximum order size is

7. More formal, this policy prescribes to issue a replenishment order

at a review instant where the size of the order equals

yl =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, if i +
l−1∑
k=1

yk > s,

S − i −
l−1∑
k=1

yk, if S − q < i +
l−1∑
k=1

yk ≤ s,

q, otherwise.

(7)

Note that when q ≥ S the policy equals the standard (s, S) policy, and

when S ≥ s + q > 2s it corresponds to the (s, nQ) policy with Q = q

and n = 1. The latter statement is true since the order size equals q

units when S − s ≥ q and the inventory position after order placement

exceeds the reorder level when q > s. Consequently, the modified

(s, S) policy is a generalization of both (s, S) and (s, Q) policies.

Again, Eq. (5) can be used to express the value function, where yl

is represented by Eq. (7). For the modified (s, S) policy, the values of

s, S, and q that minimize the expected total costs are denoted by s∗,

S∗ and q∗, respectively. In the example of Table 1, this corresponds to

s∗ = 17, S∗ = 23 and q∗ = 7 with expected total costs equal to 11.50

(0.30 percent cost increase compared to the optimal policy).

4. Heuristic procedures

It requires numerical search procedures to find optimal values of

the inventory control parameters for the policies described in the pre-

vious section. This can require extensive computational effort, espe-

cially for long lead times. Johansen and Hill (2000) propose a heuristic

procedure to determine near-optimal values of s and Q for the (s, nQ)
policy. No procedure is available for (s, S) replenishment policies in a

lost-sales context. Therefore, the goal of this section is to find good

heuristic procedures to set near-optimal values for the control param-

eters of the (s, S)policy. At the end of this section, we also discuss how

these heuristic procedures can be used for the modified (s, S) policy.

The performance of all heuristic procedures is tested in Section 5.

We propose two different heuristic procedures to set the replen-

ishment control parameters of the (s, S) policy. First, we use regres-

sion methods to formulate power approximations. Second, we derive

expressions to approximate the steady-state distribution of the in-

ventory levels that are subsequently used to approximate the per-

formance measures of interest, such as the expected total costs and

service level.

4.1. Power approximation based on regression

Power approximations have been first proposed in the inven-

tory literature by Ehrhardt (1979) in the context of computing near-
ptimal (s, S) values for inventory systems with backordering and

xed ordering cost. In this approach regression models were fitted to

grid of 288 parameter settings to express the reorder level by sp and

he difference S − s by �p. Ehrhardt and Mosier (1984) revised the

pproach in which the same numerical analysis is performed to fit a

ower series of the form:

p = c0μ
c1

R (K/h)c2
(
1 + σ 2

L+R/μ2
R

)c3
, (8)

sp = c4μL+R + σL+R(c5/z + c6 + c7z), (9)

here ci, i = 0, 1, . . . , 7 are constants to be fitted to optimal policy

ata and z is given by z =
√

�p/(σL+Rp/h). Ehrhardt and Mosier (1984)

mpose c2 = 1 − c1 for rescalability reasons.

We use the same functional forms and a similar numerical setting

s used by Ehrhardt and Mosier (1984) to perform the numerical anal-

sis and set ci. Demand is generated from two types of distributions:

oisson and negative binomial with variance-to-mean (VTM) ratios of

or 5. The average demand per review period equals 1, 2, 4 or 8. We

onsider systems where the lead time equals 1 or 3 review periods.

he value of the unit holding cost is a redundant parameter which is

et at unity. The unit penalty cost is 4, 9, 24 or 99, and the fixed or-

er cost is 16, 32 or 64. All combinations of these parameter settings

esult in 288 training instances. We have calculated the best reorder

evel and order-up-to level for each problem instance by full enu-

eration. These values are used as data for least-square regression

ts to determine the value of the constants ci in Eqs. (8) and (9),

hich result in c0 = 1.259, c1 = 0.478, c2 = 0.522, c3 = 0.081, c4 =
.027, c5 = 0.185, c6 = 0.713 and c7 = −2.536. When �p/μR is suf-

ciently large (i.e., greater than 1.5), we let s = sp and S = sp + �p.

therwise, we set

0 = argmin
S≥0

{
S∑

i=1

c(i)gL(S − i)+ c(0)
[
1 − G0

L (S)
]}

, (10)

hich corresponds to the best order-up-to level for a backorder

ystem with s = S − 1, and let s = min{sp, S0 − 1} and S = min{sp +
p, S0}.

.2. Steady-state approximations

The basic motivation behind the second heuristic procedure is to

odify the demand distribution with an adjustment factor for lost

emands in comparison to a backorder system. This is an extension

f the approach taken by Bijvank and Johansen (2012) for a lost-sales

nventory system when no fixed order costs are involved. This heuris-

ic procedure consists of several steps. First, we derive approximate

xpressions for the equilibrium distribution of the inventory posi-

ion and on-hand inventory level. Next, we use these distributions to

evelop closed-form expressions to analyze the performance of the

nventory system. In the final step, the value of the adjustment factor

s derived.

In this heuristic procedure, we relate the on-hand inventory level

o the inventory position at a review instant at time T , denoted by IL(T)
nd IP(T), respectively. A superscript ‘+’ after IL is used to indicate the

nventory level after an order has been delivered at time T , whereas

‘+’ after IP denotes the inventory position after ordering at time T.

hen this is not the case, it is denoted by superscript ‘−’. Furthermore,

(T, T + L)denotes the demand during the time period [T, T + L). Note

hat all the orders outstanding at time T are delivered before or at time

+ L. Thus all the units in the inventory position IP+(T) contribute

o the inventory level IL+(T + L). The demand in period [T, T + L),
owever, depletes this inventory level. In the backorder model, we

ave the following relationship,

L+(T + L) = IP+(T)− D(T, T + L), (11)

hereas in the lost-sales model this is not true since only the satisfied

emand should be subtracted from the inventory position. Next, we
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s + 1 j i S

g(i− j)

g i− (s + 1)

1 − G0
R(i− s)

Fig. 1. The one-step transitions including their probabilities of the inventory position

after ordering at a review in the backorder model.
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se this observation to derive approximate expressions to describe

he steady-state behavior of IP(T) and IL(T) for the lost-sales model,

enoted by IP and IL, respectively.

In the (s, S) policy, when the inventory position reaches or drops

elow reorder level s, an order is placed at the next review instant

uch that the inventory position is raised to S. Hence, the inventory

osition is always between s + 1 and S after ordering at a review

nstant, i.e., IP+(T) ∈ Ns+1,S. To find the steady-state distribution of

he inventory position after ordering at time T , we first consider the

ackorder model. When excess demand is backordered,

P−(T + R) = IP+(T)− D(T, T + R), (12)

nd

P+(T + R) =
{

S, if IP−(T + R) ≤ s,

IP−(T + R), otherwise.
(13)

onsequently, the inventory position after ordering in the backo-

der model can be modeled as a one-dimensional Markov chain with

tate space Ns+1,S. The one-step transitions between the states in

his Markov chain are graphically represented in Fig. 1. The steady-

tate probabilities for IP+(T) are denoted by π+
IP

and given by the

olution to

π+
IP( j) =

S∑
i=j

gR(i − j)π+
IP(i), j = s + 1, . . . , S − 1

π+
IP(S) = gR(0)π+

IP(S)+
S∑

i=s+1

(
1 − G0

R(i − s)
)
π+

IP(i) (14)

S∑
=s+1

π+
IP( j) = 1.

These expressions for the backorder model are used to derive ap-

roximations for the steady-state distribution of the inventory posi-

ion IP+ in the lost-sales model. We adjust the distribution for the de-

and during the review period in Eq. (14) with a factor c̃s,S to account

or the fact that the inventory position only decreases when demand

s satisfied and actually depletes the on-hand inventory level. This

eans that when the demand is relatively high during a certain time

eriod, it is less likely that all demand can be satisfied (i.e., the prob-

bility that the inventory level will decrease with the same amount

s the demand should be lower than the probability according to

he demand distribution). Similarly, when the demand is relatively

mall during a certain period, the probability that the inventory level

ecreases with the same amount is close to the corresponding de-

and probability. As a result, the average inventory position will be

igher compared to the same inventory system when excess demand

s backordered. Hence, for the lost-sales model

˜ +
IP( j) =

S∑
i=j

c̃s,SgR(i − j)π̃+
IP(i), j = s + 1, . . . , S − 1 (15)

˜ +
IP(S) = c̃s,SgR(0)π̃+

IP(S)+
S∑

i=s+1

(
1 − c̃s,SG0

R(i − s)
)
π̃+

IP(i) (16)
S∑
=s+1

π̃+
IP( j) = 1, (17)

here we denote the approximate steady-state distribution of IP+ for

he lost-sales system by π̃+
IP

. The solution to this set of equations is

iven by

˜ +
IP( j) = f (S − j)

S∑
i=s+1

f (S − i)

, j = s + 1, . . . , S, (18)

here

( j) =

⎧⎪⎨
⎪⎩

1, if j = 0,

j∑
i=1

α(i)f ( j − i), if j > 0,

nd

( j) = c̃s,SgR( j)

1 − c̃s,SgR(0)
.

he next step is to relate the inventory position to the on-hand in-

entory level. The approximate steady-state distribution of IL+ can

e derived conditionally on IP+ similar to Eq. (11)

˜ +
IL ( j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

S∑
i=j

c̃s,SgL(i − j)π̃+
IP(i), if j > 0,

S∑
i=j

(
1 − c̃s,SG0

L (i)
)
π̃+

IP(i), if j = 0.

(19)

imilarly, for IL− by combining Eqs. (11) and (12)

˜ −
IL ( j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

S∑
i=j

c̃s,SgL+R(i − j)π̃+
IP(i), if j > 0,

S∑
i=j

(
1 − c̃s,SG0

L+R(i)
)
π̃+

IP(i), if j = 0.

(20)

e use these closed-form expressions to approximate the perfor-

ance of the lost-sales inventory system with an (s, S) policy. For

nstance, the expected on-hand inventory level after order delivery is

pproximated by

L̃
+
s,S =

S∑
i=0

iπ̃+
IL (i) =

S∑
i=1

S∑
j=i

ic̃s,SgL( j − i)π̃+
IP( j)

=
S∑

j=0

c̃s,SE[( j − DL)
+]π̃+

IP( j) =
S∑

j=0

c̃s,SG1
L ( j)π̃+

IP( j),

here the first and third equalities follow from the definition of an

xpected value, the second equality follows from Eq. (19), and the last

quality follows from the definition of G1
L (·).

Similarly, the approximation for the on-hand inventory level be-

ore order delivery equals

L̃
−
s,S =

S∑
i=0

iπ̃−
IL (i) =

S∑
j=0

c̃s,SG1
L+R( j)π̃+

IP( j). (21)

he difference between the two average inventory levels expresses

he increase of the on-hand inventory level due to an order.

ence, the approximate average order size equals ĨL
+
s,S − ĨL

−
s,S. Con-

equently, the fraction of demand lost can be approximated by

˜s,S = 1 − ĨL
+
s,S − ĨL

−
s,S

μR
= 1 −

S∑
j=0

c̃s,S

[
G1

L ( j)− G1
L+R( j)

]
π̃+

IP( j)

μR
. (22)

ote that Eq. (22) is the same as

˜s,S =
S∑

j=0

π̃+
IL ( j)

E[(DR − j)+]

E[DR]
. (23)
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Finally we approximate the long-run expected total costs by

C̃s,S = K

s∑
i=0

π̃−
IP(i)+

S∑
i=0

c(i)π̃+
IL (i)

= K

⎡
⎣ S∑

i=0

[
1 − c̃s,SG0

R(i)
]
π̃+

IP(i)+
S∑

j=1

S∑
i=j

c̃s,SgR(i − j)π̃+
IP(i)

⎤
⎦

+
S∑

i=0

c(i)π̃+
IL (i)

= K

S∑
i=s+1

[
1 − c̃s,SG0

R(i − s)
]
π̃+

IP(i)+
S∑

i=0

c(i)π̃+
IL (i), (24)

where c(i) is given by Eq. (1), and the third equality follows after

rewriting the terms since many of them cancel out.

The final step of this heuristic procedure is to determine c̃s,S. Note

that there is not a unique value of c̃s,S. Therefore, we propose two

procedures to set the value of c̃s,S:

(a) The first approach is the most simple, just set c̃s,S = 1. This

means that no adjustments are made for lost-sales. However,

this does not correspond to a backorder model (in contrast to

the procedure by Bijvank and Johansen (2012) when no fixed

order costs are involved), since the inventory levels cannot be

negative in Eqs. (19)–(24).

(b) The second approach to set the value of c̃s,S is based on the

average order size. The average order size equals the expected

increase in the on-hand inventory level due to an order de-

livery (ĨL
+
s,S − ĨL

−
s,S), but also the expected increase in the in-

ventory position due to order placement at a review instant

(ĨP
+
s,S − ĨP

−
s,S). In this approach to determine the value of c̃s,S, we

equate both amounts such that the following equality should

be satisfied:

S∑
i=s+1

c̃s,S

[
G1

L (i)− G1
L+R(i)

]
π̃+

IP(i) =
S∑

i=s+1

[
i − c̃s,SG1

R(i)
]
π̃+

IP(i).

(25)

The left side expresses the difference ĨL
+
s,S − ĨL

−
s,S, whereas the

right side expresses ĨP
+
s,S − ĨP

−
s,S. Note that π̃+

IP
( j) depends on

c̃s,S. Therefore, there is no explicit expression for c̃s,S. With a

bisection method we can find the value of c̃s,S such that Eq. (25)

is satisfied.

As a result, the expected total costs are approximated by Eq. (24)

for given values of s and S. With a numerical search procedure it is

easy to find those values that minimize C̃s,S.

4.3. Modified (s, S) policy

Thus far in this section we have only considered inventory systems

with a standard (s, S) policy. The same reorder level and order-up-to

level could be used for the modified (s, S)policy. However, the value of

the maximum order quantity q should be specified as well. We relate

the order-up-to level to the length of a replenishment cycle to deter-

mine this value. Let N denote the average number of review periods

in between two consecutive orders when q does not play a role. This

number depends on the actual order size, which consists of S − s units

plus the undershoot (i.e., the amount of inventory below reorder level

s at a review instant). The average undershoot in inventory systems

with backorders has been studied in the literature (see, e.g., Baganha,

Pyke, & Ferrer, 1996; Tijms & Groenevelt, 1984).This amount can be
pproximated by (σ 2
R + μ2

R)/(2μR). Hence,

≈ max

{
1,

S − s

μR
+ σ 2

R + μ2
R

2μ2
R

}
. (26)

t takes on average N review periods before a new order is placed and

n extra L time units before it gets delivered, thus the time period

etween ordering and the delivery of the next order equals (L + RN)
ime units. The inventory position after ordering should at most cover

he demand during this period. Consequently, the maximum inven-

ory position per time unit in a replenishment cycle equals S divided

y L + RN. We multiply this amount by the average length of a re-

lenishment cycle to get the maximum number of units required in

replenishment cycle. That is, we propose to set the maximum or-

er quantity q equal to SRN/(L + RN) rounded to the nearest integer.

owever, the maximum order size should at least be S − s, otherwise

he policy corresponds to an (s, Q) policy. Consequently,

= max

{
round

(
S

RN

L + RN

)
, S − s

}
. (27)

e remark that this value of q is not an upper bound on the optimal

rder quantity. It represents our upper bound for the order size in

he modified (s, S) policy (as a counterexample consider the example

iscussed in Section 3).

Numerical results of the heuristic procedures for the different re-

lenishment policies are discussed in the next section.

. Numerical results

The goal of this section is twofold. First, we compare the perfor-

ance of the different replenishment policies discussed in Section 3.

econd, the performance of the heuristic procedures is investigated

o find near-optimal values of reorder level s, order-up-to level S and

aximum order quantity q for the (modified) (s, S) policy. Pseudo-

ode for the implementation of the heuristic procedures can be found

n Appendix D.

The performance of the policies is illustrated for a test bed similar

o Zipkin (2008a) and Huh et al. (2009), but with fixed order cost. We

et the review period length R = 1, the lead time L ∈ {1, 2, 3, 4}, the

olding cost h = 1, the penalty cost p ∈ {4, 9, 14, 19, 39, 99} and the

xed order cost K ∈ {5, 10, 25, 50}. For the demand distributions, we

onsider the expected demand μR ∈ {2.5, 5, 10, 20} and a variance-

o-mean (VTM) ratio of 1 for a Poisson distribution, and VTM ∈ {2, 4}
or a negative binomial distribution. Due to the exponential growth of

he state space in the lead time, the computer memory limited us to

xclude instances where L = 4 and μR = 20 (see also Zipkin, 2008a).

his results in a test bed with 1080 instances (1152 minus 72).

.1. Comparison of parametric policies

For the (s, S)policy, we compute the reorder level s̄ and the order-

p-to level S̄ that minimize the expected total costs as described in

ection 3.2. Similarly, ŝ and Q̂ minimize the expected total costs for the

s, nQ) policy according to Section 3.3. For the modified (s, S) policy,

e compute the reorder level s∗, order-up-to level S∗, and maximum

rder quantity q∗ that minimize the average costs (see Section 3.4). In

ddition, we also consider the modified (s, S)policy with reorder level

¯, order-up-to level S̄ and maximum order quantity q̄ set by Eq. (27).

urthermore, we report the average costs C′ and the average fill rate β ′

or the optimal replenishment policy, which is computed according to

ection 3.1. The fill rate is defined as the fraction of customer demand

atisfied by stock on hand (see also Appendix B.3 ). For completeness,

e also include the performance when the optimal (s, S) policy for

he backorder model is used in our lost-sales system (denoted by

ubscript BO).
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Table 2

Comparison of replenishment policies for various values of lost-sales parameter p: fill rate for the optimal replenishment policy (β ′), cost increase

(CI) for each replenishment policy compared to the optimal policy, and CPU time (in seconds) to find the best inventory control parameter values for

each policy.

β ′ CIBO CIs̄,S̄ CIŝ,nQ̂ CIs∗ ,S∗ ,q∗ CIs̄,S̄,q̄ T ′ Ts̄,S̄ Tŝ,nQ̂ Ts∗ ,S∗ ,q∗

(percent) (percent) (percent) (percent) (percent) (percent)

p 4 66.07 17.79 2.46 1.67 0.95 1.85 242.81 31.78 70.15 381.73

9 91.07 6.12 1.44 1.41 0.74 1.09 72.76 36.29 60.05 388.42

14 94.40 3.36 1.11 1.30 0.62 0.83 64.32 45.27 63.63 428.37

19 95.97 2.68 0.91 1.22 0.54 0.68 68.70 52.47 65.07 422.60

39 98.16 1.65 0.55 1.01 0.34 0.43 68.05 70.79 67.38 500.13

99 99.32 0.92 0.30 0.81 0.19 0.24 65.74 94.25 59.68 613.72

Mean 90.82 5.00 1.08 1.22 0.55 0.82 92.06 55.91 64.13 458.24

Standard deviation 18.25 16.67 1.22 1.09 0.75 0.95 452.79 157.89 268.73 1531.06

Table 3

Comparison of replenishment policies for various values of indicator
√

2K/μRhL2, where N represents the number of instances corre-

sponding to the value of the indicator in the given range.√
2K/μRhL2 N CIBO CIs̄,S̄ CIŝ,nQ̂ CIs∗ ,S∗ ,q∗ CIs̄,S̄,q̄ T ′ Ts̄,S̄ Tŝ,nQ̂ Ts∗ ,S∗ ,q∗

(percent) (percent) (percent) (percent) (percent)

[0.00–0.25] 36 9.90 3.21 3.18 0.55 1.04 106.90 504.52 423.93 1708.53

[0.25–0.50] 198 6.97 2.27 2.08 1.05 1.49 71.55 89.33 130.12 437.54

[0.50–0.75] 180 5.71 1.49 1.48 1.02 1.28 185.57 85.82 65.00 1237.76

[0.75–1.00] 144 6.35 1.02 1.36 0.70 0.95 291.98 22.91 37.29 688.43

[1.00–1.25] 108 3.70 0.69 0.85 0.50 0.76 25.14 26.54 33.31 75.76

[1.25–1.50] 90 3.17 0.34 0.54 0.08 0.37 0.81 3.65 1.96 2.80

[1.50–2.00] 108 5.49 0.25 0.76 0.03 0.22 1.91 3.28 45.85 3.19

[2.00–3.00] 108 2.44 0.17 0.47 0.02 0.11 0.15 2.59 4.28 1.28

[3.00–6.50] 108 0.78 0.10 0.29 0.01 0.09 0.01 1.34 0.32 1.39
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Table 4

The frequency that the cost of each replenishment policy deviates from the optimal

cost within a given range.

Range (sBO, SBO) (s̄, S̄) (ŝ, nQ̂) (s∗, S∗, q∗) (s̄, S̄, q̄)

(percent) (percent) (percent) (percent) (percent) (percent)

[0–1] 32.89 62.51 53.60 80.44 69.51

[1–2] 18.41 19.85 27.33 12.94 20.52

[2–3] 11.60 9.11 12.18 5.27 5.75

[3–4] 8.34 4.51 3.26 0.86 2.59

[4–5] 6.04 2.40 2.49 0.29 1.25

[5–6] 4.41 0.96 0.86 0.19 0.10

[6–7] 3.26 0.38 0.29 0.19

[7–8] 3.16 0.29 0.10

[8–9] 2.21

[9–10] 1.34

[10–12] 2.88

[12–14] 1.53

[14–16] 1.05

[16–20] 0.86

[20–25+] 2.01
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w

w
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The results for all 1080 problem instances in our test bed are

ummarized in Table 2. Besides the relative cost increase (CI) com-

ared to the optimal policy, it represents the expected CPU times T

in seconds) to find the best control parameters for each policy. The

ows represent the average cost increase compared to the optimal

olicy for a specific value of the penalty cost (that is, the average

ver 180 instances), where the last two rows report the average and

tandard deviation over all test instances. The performance of each

olicy does not only depend on the penalty cost, but also on the time

etween order placements in relation to the lead time. We use the

conomic order quantity divided by the average demand as indica-

or for the length of a replenishment cycle. Next, we divide this by

to relate the cycle length to the lead time. Therefore, we consider

2μRK/h/μL =
√

2K/μRhL2. Note that the inverse is an indicator for

he expected number of orders outstanding. Table 3 provides the av-

rage cost increase for each policy compared to the optimal policy

hen this variable is within a certain range. The second column in-

icates the number of instances that fall within each range, whereas

he other columns are the same as in Table 2.

The results in these two tables illustrate that the parametric re-

lenishment policies known from literature perform reasonably well

ompared to the optimal policy. However, it is important to include

he lost-sales behavior when the values of these policy parameters

re determined. For most instances, the (s, S) policy performs better

han the (s, nQ)policy and the modified (s, S)policy improves perfor-

ance even more. It is interesting to see that the (s, S)policy performs

etter for large values of p, whereas the (s, nQ) policy does not show

he same magnitude of improvement when p increases. The modified

s, S) policy performs well for all values of p. Another observation is

hat the performance of these policies deviates more from the opti-

al cost when the value of
√

2K/μRhL2 decreases (that is, when K

ecreases or L increases). Especially when multiple orders can be out-

tanding (roughly when
√

2K/μRhL2 < 1), the modified (s, S) policy

ignificantly outperforms the other traditional parametric policies.

urthermore, we observe that the heuristic rule to set the maximum
 c
rder size in the modified (s, S) policy expressed in Eq. (27) performs

ell when we compare CIs̄,S̄ to CIs̄,S̄,q̄.

Besides a focus on average performance, it is also interesting to see

hether the average cost increase is consistent across the different

est instances. This is partially reported by the standard deviations

n Table 2, but in Table 4 we provide the percentage of instances

or which the expected total costs of a replenishment policy deviate

ithin a certain range from the expected costs of the optimal policy.

t becomes clear that the use of a backorder model in the lost-sales

ystem is a bad strategy. On average the cost increase is 5.0 percent

ver all instances, but in almost 23 percent of the instances the cost

ncrease is more than 5 percent and even more than 10 percent in 8

ercent of the instances. The costs of well-known parametric policies

uch as (s, S) and (s, nQ) policies are within 3 percent of the optimal

osts for about 92 percent of the instances. As mentioned before,
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Table 5

Comparison of replenishment policies where the parameter values are based on heuristic procedures: the average cost increase

(CI) compared to the optimal policy.

CIHJ2006 CIJH2000 CIs̃a ,S̃a
CIs̃a ,S̃a ,q̃a

CIs̃b ,S̃b
CIs̃b ,S̃b ,q̃b

CIs̃c ,S̃c
CIs̃c ,S̃c ,q̃c

(percent) (percent) (percent) (percent) (percent) (percent) (percent) (percent)

p

4 5.94 4.65 5.91 5.20 6.51 4.45 6.26 4.36

9 5.29 4.10 3.36 2.86 3.15 2.47 2.90 2.33

14 5.44 4.77 2.57 2.22 2.28 1.90 2.05 1.76

19 5.50 5.75 2.12 1.83 1.81 1.54 1.63 1.40

39 5.58 9.42 1.56 1.37 1.11 0.98 0.99 0.87

99 5.63 24.10 1.55 1.42 0.61 0.54 0.57 0.52√
2K/μRhL2

[0.00–0.25] 47.70 51.46 8.13 5.82 9.16 7.52 7.55 5.94

[0.25–0.50] 16.96 14.20 5.32 4.42 5.31 4.38 4.37 3.44

[0.50–0.75] 3.46 19.53 3.49 3.17 2.91 2.47 2.44 2.00

[0.75–1.00] 0.56 3.89 2.58 2.39 2.05 1.54 2.04 1.50

[1.00–1.25] 0.09 1.51 1.23 1.27 1.25 0.85 1.37 0.98

[1.25–1.50] 0.01 1.37 1.12 1.00 0.84 0.51 1.18 1.10

[1.50–2.00] 0.00 1.39 1.67 1.61 0.68 0.22 1.14 0.87

[2.00–3.00] 0.00 0.92 0.77 0.71 0.47 0.14 0.89 0.70

[3.00–6.50] 0.00 0.72 0.48 0.44 0.34 0.08 0.54 0.43

mean 5.55 8.93 2.74 2.39 2.44 1.90 2.27 1.79

Standard deviation 11.78 53.81 3.16 2.82 3.12 2.59 2.73 2.18
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1 We also used a power approximation to find good values of c̃s,S . The power approx-

imation that performed best was of the form

c̃s,S = c0 + c1Kc2

(
p

p + h

)c3

(
1 + σ 2

R+L

μ2
R

)c4

,

where c0 = 0.667, c1 = 0.169, c2 = 0.142, c3 = 0 and c4 = 0. Since the results are similar

to those of the approach where c̃s,S = 1 (see Table 5), we do not include these results.
the best modified (s, S) policies outperform these policies since its

costs deviate on average 0.55 percent from the optimal cost, with

an observed maximum deviation of 5.85 percent. In particular, the

cost increase is within 1 percent of the optimal cost for more than 80

percent of all instances and within 3 percent for almost 99 percent of

the instances. Therefore, we conclude that the modified (s, S) policy

performs excellent.

Finally, when we compare the individual parameter values for the

different policies (see Table C.1 in Appendix C.1), we observe that in

most instances S∗ ≥ S due to restriction q∗ on the order size in the

(s, S, q)policy, and q∗ ≥ Q̂ since q∗ is an upper bound on the order size

in the (s, S, q) policy whereas Q̂ is the actual order size in the (s, nQ)
policy.

To conclude our comparison of the different policies, we compare

the computational effort to find the best parameter values for each of

the policies. Tables 2 and 3 report the average CPU time in seconds

to find the optimal policy, as well as the best (modified) (s, S) policy

and (s, nQ) policy. All numerical results have been performed on a

2.0 gigahertz AMD Opteron 246 processor running Linux and C++. It

becomes clear that the computational effort to find the optimal policy

and the best values for the control parameters of the specific replen-

ishment policies can take quite some time, especially for the modified

(s, S) policy (up to 4.5 hours for one of the instances). This latter ob-

servation is to be expected, since it requires a search procedure in

three dimensions. Consequently, it may be helpful to efficiently find

good inventory control values with a heuristic procedure.

5.2. Comparison of heuristic procedures

The inventory control parameters based on the heuristic proce-

dures are denoted by s̃i and S̃i, where i = a represents the power ap-

proximation (Section 4.1) and i = b, c represents the two approaches

to determine the value of c̃s,S in the steady-state approximation to

minimize the total costs C̃s,S (Section 4.2). We also investigate the

three corresponding modified (s, S) policies in which the reorder lev-

els and order-up-to levels are based on the heuristic procedures for

the (s, S) policy. Their maximum order quantity q (denoted by q̃a, q̃b

and q̃c, respectively) is set according to Eq. (27). Besides our new

heuristic procedures, we also compute the performance of the policy

proposed by Hill and Johansen (2006) and the (s, nQ)policy proposed

by Johansen and Hill (2000). These values are denoted by HJ2006 and

JH2000, respectively.
Table 5 summarizes the results over all test instances similar to

ables 2 and 3. Note that we did not include the CPU times for the

euristic procedures, since they are performed within a few millisec-

nds. Similar to the previous section, the percentage of instances for

hich the expected total costs deviate within a certain range from

he optimal cost is included in Table 6 and Table C.2 in Appendix C.1

ontains more detailed results for 48 instances.

From these results, it becomes clear that the policy as proposed

y Hill and Johansen (2006) performs close to optimal when it

s expected that at most one order is outstanding (that is, when

2K/μRhL2 ≥ 1), which is the underlying assumption in their proce-

ure. Unfortunately, this policy has no clear structure or parametric

escription. Since this policy does not provide much insight into the

rder quantities, it may not be preferred in practical settings. In the

emainder of this section, we focus on the heuristic procedures to set

he parameter values of the parametric policies.

The procedure proposed by Johansen and Hill (2000) for the (s, nQ)
olicy is underperforming compared to our procedures for the (mod-

fied) (s, S) policies. When we compare the results of the different

euristic procedures that we propose, we observe that the procedure

ased on the steady-state approximations performs better than the

ower approximation procedure for most instances. This is partic-

larly true when we consider the modified (s, S) policy where the

aximum order size is given by Eq. (27). In general, the first ap-

roach for the steady-state approximation procedure (i.e., c̃s,S = 1)

erforms better when
√

2K/μRhL2 is larger than 1, whereas the sec-

nd approach performs better when this amount is smaller than 1.1

ased on the summary provided in Table 6, we conclude that the

euristic procedures for the (modified) (s, S) policies deviate within

percent from the optimal cost for about 73–83 percent of the in-

tances. This illustrates again how well these heuristic procedures

erform. When we zoom in on the values of the policy control pa-

ameters (see Appendix C.1), we observe (for almost all instances)
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Table 6

The frequency that the cost of each replenishment policy deviates from the optimal cost within a given range.

Range HJ2006 JH2000 (s̃a, S̃a) (s̃a, S̃a, q̃a) (s̃b, S̃b) (s̃b, S̃b, q̃b) (s̃c, S̃c) (s̃c, S̃c, q̃c)

(percent) (percent) (percent) (percent) (percent) (percent) (percent) (percent) (percent)

[0–1] 62.70 29.24 37.49 40.36 43.05 52.25 39.69 48.99

[1–2] 4.31 22.15 19.75 21.38 20.04 17.45 25.22 22.15

[2–3] 3.45 12.75 11.31 11.12 10.45 8.92 11.98 11.89

[3–4] 3.16 8.44 8.34 7.57 7.00 6.71 6.62 5.47

[4–5] 1.53 6.90 6.62 5.47 4.70 3.64 4.51 3.64

[5–6] 1.05 4.31 3.55 3.93 3.64 3.64 3.36 2.49

[6–7] 1.63 4.12 2.68 2.40 2.68 1.73 1.82 1.63

[7–8] 0.77 1.53 2.68 2.30 1.82 1.63 1.53 1.15

[8–9] 1.15 1.63 2.11 1.82 1.15 1.25 1.53 0.48

[9–10] 1.82 1.15 1.34 0.86 1.25 0.77 0.86 1.05

[10–12] 3.16 1.63 1.73 1.34 2.01 0.96 1.34 0.48

[12–14] 1.53 1.53 0.86 0.86 1.15 0.58 0.67 0.29

[14–16] 2.21 0.77 0.96 0.29 0.48 0.19 0.38 0.19

[16–20] 2.30 0.77 0.48 0.10 0.38 0.19 0.38 0.00

[20–25+] 9.20 3.07 0.10 0.19 0.19 0.10 0.10 0.10

Fig. 2. The relative cost deviation of C̃s,S expressed by Eq. (24) compared to the actual

costs for the (s, S)policy. In the first approach c̃s,S = 1 (resulting in policy (s̃b, S̃b)), and in

the second approach c̃s,S is based on the average order size (resulting in policy (s̃c, S̃c)).
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he following relationships for the reorder level max{s̄, s∗} ≤ s̃b, and

or the order-up-to level max{S∗, S̃c} ≤ S̃b.

Besides the performance of the heuristic procedures to find good

ontrol parameter values, we also compare Eq. (24) to approximate

he expected total costs against the actual expected total costs. Fig. 2

llustrates the frequencies that the approximated costs for (s, S) poli-

ies given by Eq. (24) deviate from the actual costs within a certain

ange. It is clear that the first approach approximates the expected

osts within 1 percent deviations from the actual costs for more than

5 percent of the instances with a bias toward overestimating the

ctual costs, whereas the second approach has a bias toward under-

stimating the actual costs.

Based on the results in Table 5 we already concluded that the

teady-state approximation procedure (columns 6–9) performs bet-

er than the heuristic procedure based on power approximations

columns 4 and 5). However, the advantage of a power approximation

s that the values for the inventory control parameters are set with a

losed-form expression such that it becomes possible to implement

his procedure with a simple spreadsheet.

. Conclusions

The retail industry is characterized by lost customer demand in

ase of a stock out. Optimal replenishment policies for lost-sales

nventory systems lack any form of structure. However, parametric

olicies provide such a structure and insight into the order quantities,

hich make them preferred in literature and practice (Caplin & Leahy,

010). Our analysis shows that parametric policies such as (s, S) and

s, nQ)policies perform in general close to optimal. However, there are
ituations in which these policies do not perform as great (especially

hen it is expected to have multiple orders outstanding). Therefore,

e propose a new replenishment policy; a modified (s, S) policy in

hich the order size is restricted to a maximum. The expected costs

or this policy are within 3 percent from the optimal costs for almost

9 percent of our instances, with an average cost increase of only 0.55

ercent. Since (s, S) policies are already common in many practical

ettings, it does not require a lot of effort to implement an upper

ound on the order size.

However, the computation times to find the best values of the in-

entory control parameters for these structured replenishment poli-

ies can increase rapidly. Therefore, we also propose heuristic proce-

ures to set the parameter values for (modified) (s, S)policies. The first

rocedure derives closed-form expressions for the parameter values

ith power approximations, whereas the second procedure approx-

mates the steady-state behavior and long-run average performance

easures (e.g., expected total costs, service level). Both procedures

erform well and each has its own (dis)advantages. The first pro-

edure can easily be implemented with a simple spreadsheet but is

nly applicable to specific inventory models. The second procedure

equires a numerical search procedure (that is performed within mil-

iseconds though), but can be generalized to many models with differ-

nt objective functions and with additional (service level) constraints

see Appendix B).

upplementary material

Supplementary material associated with this article can be found,

n the online version, at 10.1016/j.ejor.2014.09.018.
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